This paper finds some lower and upper bounds for the essential norm of the weighted composition operator from α-Bloch spaces to the weighted-type space H ∞ μ on the unit ball for the case α ≥ 1.
Introduction
Let B {z ∈ C n : |z| < 1} be the open unit ball in C n , H B be the class of all holomorphic functions on the unit ball, and let H ∞ B be the class of all bounded holomorphic functions on B with the norm 
1.3
From now on, if we say that a function φ : B → 0, ∞ is normal, we will also assume that it is radial, that is, φ z φ |z| , z ∈ B. The weighted space H
where μ is normal on the interval 0, 1 . For μ z 1 − |z| 2 β , β > 0, we obtain the weighted space
With the norm Let u ∈ H B and ϕ be a holomorphic self-map of the unit ball. Weighted composition operator on H B , induced by u and ϕ is defined by
This operator can be regarded as a generalization of a multiplication operator and a composition operator. It is interesting to provide a function theoretic characterization when u and ϕ induce a bounded or compact weighted composition operator between some spaces of holomorphic functions on B. 
a3 u ∈ H ∞ , and
If α 1, then the following statements are equivalent: The essential norm of an operator is its distance in the operator norm from the compact operators. More precisely, assume that X 1 and X 2 are Banach spaces and A : X 1 → X 2 is a bounded linear operator, then the essential norm of A, denoted by A e,X 1 →X 2 , is defined as follows:
where · X 1 →X 2 denotes the operator norm. If X 1 X 2 , it is simply denoted by · e see, e.g., 5, page 132 . If A : X 1 → X 2 is an unbounded linear operator, then clearly A e,X 1 →X 2 ∞.
Since the set of all compact operators is a closed subset of the set of bounded operators, it follows that an operator A is compact if and only if A e,X 1 →X 2 0.
Motivated by Theorem A, in this paper, we find some lower and upper bounds for the essential norm of the weighted composition operator uC ϕ :
Throughout this paper, constants are denoted by C, they are positive and may differ from one occurrence to another. The notation a b means that there is a positive constant C such that a ≤ Cb. If both a b and b a hold, then we say that a b.
Auxiliary results
In this section, we quote several auxiliary results which we need in the proofs of the main results in this paper. The following lemma should be folklore.
The proof of the lemma for the case α / 1 can be found, for example, in 26 . The formulation of the corresponding estimate in 26 , for the case α 1, is slightly different. In this case, Lemma 2.1 follows from the following estimate:
The next lemma can be proved in a standard way see, e.g., the proofs of the corresponding results in 5, 27-29 . where α > 1 and ε ∈ 0, 1 . Then,
2.4
Proof. We have
from which it easily follows that
2.8
Hence, the points
are stationary for the function g s x . Since x M > 1, it follows that g s x attains its maximum on the interval 0, 1 at the point
2.10
By some long but elementary calculations, it follows that
2.11
From this and since f w 0 1 − |w| 2 ε , 2.4 follows. In this section, we prove the main results in this paper. Before we formulate and prove these results, we prove another auxiliary result. converging to zero on compacts of B as k → ∞. Then, we have
as k → ∞, since ϕ B is contained in the ball |w| ≤ ϕ ∞ which is a compact subset of B, according to the assumption, ϕ ∞ < 1. Hence, by Lemma 2.2 , the operator uC ϕ :
3.2
for some positive constant C. Hence, assume ϕ ∞ 1. Let z k k∈N be a sequence in B such that lim k→∞ |ϕ z k | 1 and ε ∈ 0, 1 be fixed. Set
3. 
for every compact operator L :
Letting k → ∞ in 3.4 and using the definition of f ε k
, we obtain
where C ε, α is the quantity in 2.12 . Taking in 3.5 the infimum over the set of all compact operators L :
, then letting ε → 0 in such obtained inequality, and using 2.13 , we obtain
from which the first inequality in 3.2 follows.
Since the second inequality in 3.2 is obvious, we only have to prove the third one. By Lemma 3.1, we have that for each fixed ρ ∈ 0, 1 the operator uC ρϕ : B α → H ∞ μ is compact. Let δ ∈ 0, 1 be fixed, and let ρ m m∈N be a sequence of positive numbers which increasingly converges to 1, then for each fixed m ∈ N, we have 
